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1.0 INTRODUCTION: 

1.1 BACKGROUND OF THE STUDY: 

The attempt to solve physical problems led gradually to Mathematical models involving an equation in 

which a function and its derivatives play important role. However, the theoretical development of this 

new branch of Mathematics –Differential Equations— has its origin rooted in a small number of 

Mathematical problems. These problems and their solutions led to an independent discipline with the 

solution of such equations an end in itself (Sasser, 2005). 

1.2 STATEMENT OF THE PROBLEM: 

The research work seeks to find solutions of second-order ordinary differential equations using the 

power series method. 

1.3 AIM AND OBJECTIVES: 

The aim and objectives of the study are to: 

I. Describe the power series method. 

II. Use it to solve linear ordinary differential equations with polynomial coefficients. 

III. To review some special second order ordinary differential equations. 

IV. To determine the solutions of these special ordinary differential equations by the power 

series solution method. 

1.4 SCOPE OF THE STUDY: 

There are other classes of ordinary differential equations but we will be concerned with second-order 

linear ordinary differential equations especially those with variable coefficients (polynomial 

coefficients), with emphasis on special ordinary differential equations such as Bessel, Airy, Legendre 

and Hermite equations. 

Moreover, there are several methods of solving the differential equations but we will be concerned with 

the series solution method. 
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1.5 JUSTIFICATION OF THE STUDY: 

Most ordinary differential equations are cumbersome and complex, and cannot be solved by exact or 

elementary methods analytically especially when adequate information such as graphs is not supplied. 

Their solutions can only be approximated using Numerical methods with appropriate boundary or initial 

conditions. Using power series method however, is a more systematic way and standard basic method 

for approximating the solutions of such differential equations analytically and thus studying the method 

is of greater importance. 

1.6.0 BASIC CONCEPTS AND DEFINITIONS: 

1.6.1 POWER SERIES: 

A series of the form  ∑   ∞
௡=଴ ܽ௡ ሺݔ − ଴ሻ௡ݔ  = ܽ଴ + ܽଵሺݔ − ଴ሻݔ + ܽଶሺݔ − ଴ሻଶݔ + ⋯ + ܽ௡ሺݔ − ଴ሻ௡ݔ + ⋯            ሺͳ.ͳሻ 

is called power series in power of ሺݔ −  ௢ሻ.   Where ܽ௡’s are coefficients of the power series usuallyݔ

constants. The point ݔ଴ is called the center of the power series and ݔ  a variable. 

The term “power series” alone usually refers to a series of the form (1.1), but does not include series of 
negative powers or series involving fractional powers of  ሺݔ − ݔ଴ሻ.  For convenience, we write  ሺݔ ଴ሻ଴ݔ− = ͳ, even when  ݔ =  .଴ݔ

1.6.2 CONVERGENCE OF POWER SERIES:  

We say that (1.1) converges at the point ݔ = ܿ if the infinite series (of real numbers) ∑ ܽ௡ሺܿ − ∞଴ሻ௡ݔ
௡=଴  

Converges; that is, the limit of the partial sums,  limே→∞   ∑ ܽ௡ሺܿ − ଴ሻ௡ேݔ
௡=଴  

exists (as a finite number). If this limit does not exist, the power series is said to diverge at ݔ = ܿ. We 

can observe that (1.1) converges at  ݔ = ∑  ଴, sinceݔ ܽ௡ሺݔ଴ − ଴ሻ௡ݔ = ܽ଴ + Ͳ + Ͳ + ⋯ = ܽ଴.∞
௡=଴  

A power series of the form (1.1) converges for all values of  ݔ in some “interval” centered at ݔ଴ and 

diverges for  ݔ outside this interval. Moreover, at the interior points of this interval, the power series 

converges absolutely in the sense that ∑|ܽ଴ሺݔ − ∞|௢ሻ௡ݔ
௡=଴           

Converges. 

2.0   LITERATURE REVIEW: 

2.1 ORDINARY DIFFERENTIAL EQUATIONS: 

Ince (1956) observed that the study of differential equations began in 1675 when Leibniz wrote the 

equation: ∫ ݔ݀ݔ = ሺͳ ʹ⁄ ሻݔଶ. 

Leibniz inaugurated the differential sign ሺ�࢞�࢟ሻ  and integral sign ሺ∫ሻ in (1675) a hundred years before the 

period of initial discovery of general methods of integrating ordinary differential equation ended. 
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According to Sasser (2005) the search for general methods of integrating began when Newton classified 

the first order differential equations into three classes; ݀ݔ݀ݕ = ݂ሺݔሻ                                                                                  ሺʹ.Ͳሻ ݀ݔ݀ݕ = ݂ሺݔ, ݔ ሻ                                                                             ሺʹ.ͳሻݕ ݔ�ݑ� + ݕ ݕ�ݑ� =  ሺʹ.ʹሻ                                                                          ݑ

The first two classes contain only ordinary derivatives of one or more dependent variables, with respect 

to a single independent variable, and are known today as ordinary differential equations. The third class 

involved the partial derivatives of one dependent variable and today is called partial differential 

equations. 

Billingham and King (2003) studied mathematical modeling and outline the relevance of Ordinary 

differential equation in modeling dynamic systems. Saying, it gives the conceptual skills to formulate, 

develop, solve, evaluate, and validate such systems. Many physical, chemical and biological systems 

can be described using mathematical models. Once the model is formulated, we usually need to solve a 

differential equation in order to predict and quantify the features of the system being modelled.  

3.0 RESEARCH METHODOLOGY: 

In this chapter we study power series and discuss the use of power series to construct fundamental sets 

of solutions of second order linear ordinary differential equations whose coefficients are functions of the 

independent variable. 

3.1.2 Existence of Power Series Solutions: 

The properties of power series just discussed form the foundation of the power series method. The 

remaining question is whether a differential equation has power series solutions at all.  The answer is 

simple: if the coefficient ܲ and ܳ and the function  � on the right side of  ݕ′′ + ܲሺݔሻݕ′ + ܳሺݔሻݕ = �ሺݔሻ                                                                       ሺ͵.Ͳሻ 

have power series a representation, then (3.0) has power series solutions. The same is true of  ܽ, ܾ, ܿ and  ݀  in  ܽሺݔሻݕ′′ + ܾሺݔሻݕ′ + ܿሺݔሻݕ = ݀ሺݔሻ                                                              ሺ͵.ͳሻ 

have power series representations and ܽሺݔ଴ሻ ≠ Ͳ ( ݔ଴ center of power series). To formulate all of this in 

a precise and simple way, we use the concept of analytic functions (section 1.6.5 and section 3.1.1 

statement 9) and so we state a lemma here.  

Lemma 3.3.1:      FROBENIUS THEOREM: 

If ݔ଴ is a regular singular point of equation, then there exists at least one series solution of the form, 

where  � =  �ଵ is the larger root of the associated indicial equation. Moreover, this series converges for 

all ݔ such that 

݋   < ݔ − ଴ݔ < ܴ, where ܴ is the distance from ݔ଴ to the nearest other singular point (real or complex) 

of (3.12). 
 

4.0  RESULTS, DISCUSSION AND CONCLUSION: 

In this chapter we apply this power series method in finding the general solutions of some of the special 

ordinary differential equations and discuss their solutions   as we intended to do in this work, and to 

draw a conclusion on the theory of power series method. 
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4.1 RESULTS 

4.1.1 Solution of Airy differential equation ݕ" − ݕݔ  = Ͳ                                                                                ሺͶ.ͳሻ 

The coefficients of the equation (4.1) are everywhere analytic, for convenience we choose our ordinary 

point  ݔ଴ = Ͳ 

Thus, we assume our solution of the form  ݕ = ∑ ܽ௡ݔ௡∞
௡=଴                                                                           ሺͶ.ʹሻ 

We apply the term wise derivative of (4.2) in (4.1) to obtain  ∑ ݊ሺ݊ − ͳሻܽ௡ݔ௡−ଶ − ݔ ∑ ܽ௡ݔ௡∞
௡=଴

∞
௡=ଶ = Ͳ 

Evaluating the second term of the equation above we have ∑ ݊ሺ݊ − ͳሻܽ௡ݔ௡−ଶ − ∑ ܽ௡ݔ௡+ଵ∞
௡=଴

∞
௡=ଶ = Ͳ 

Applying shifting of index summation  

Let ݉ = ݊ − ʹ ⟹ ݊ = ݉ + ʹ, so the first term becomes ∑ ሺ݉ + ʹሻሺ݉ + ͳሻܽ௠+ଶݔ௠∞
௠=଴  

And let ݉ = ݊ + ͳ ⟹ ݊ = ݉ − ͳ, the second term becomes 

∑ ܽ௠−ଵݔ௠∞
௠=ଵ  

Thus it follows that  ∑ ሺ݉ + ʹሻሺ݉ + ͳሻܽ௠+ଶݔ௠ − ∑ ܽ௠−ଵݔ௠∞
௠=ଵ

∞
௠=଴ = Ͳ 

ʹሺͳሻܽଶݔ଴ + ∑ ሺ݉ + ʹሻሺ݉ + ͳሻܽ௠+ଶݔ௠ − ∑ ܽ௠−ଵݔ௠∞
௠=ଵ

∞
௠=ଵ = Ͳ 

Now the coefficients of  ݔ଴:            ʹܽଶ = Ͳ       ⇒  ܽଶ = Ͳ       Since  ݔ ≠ Ͳ ݔ௠:              ሺ݉ + ʹሻሺ݉ + ͳሻܽ௠+ଶ = ܽ௠−ଵ = Ͳ ⇒ ሺ݉ + ʹሻሺ݉ + ͳሻܽ௠+ଶ = ܽ௠−ଵ ∴  ܽ௠+ଶ = ܽ௠−ଵሺ݉ + ʹሻሺ݉ + ͳሻ  ,        ݉ > Ͳ 

Called the recurrence relation ܽଷ = ܽ଴͵ ∙ ʹ = ܽ଴͸  ܽସ = ܽଵͶ ∙ ͵ = ܽଵͳʹ ܽହ = ܽଶͷ ∙ Ͷ = Ͳ ܽ଺ = ܽଷ͸ ∙ ͷ = ܽଷ͸ ∙ ͷ ∙ ͵ ∙ ʹ = ܽ଴ͳͺͲ 
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ܽ଻ = ܽସ͹ ∙ ͸ = ܽସ͹ ∙ ͸ ∙ Ͷ ∙ ͵ = ܽଵͷͲͶ 

Inserting the equation (4.2)  ݕ = ∑ ܽ௡ݔ௡ = ܽ଴ + ܽଵݔ + ܽଶݔଶ + ܽଷݔଷ + ܽସݔସ + ܽହݔହ + ⋯∞
௡=଴  

We have ݕ = ܽ଴ + ܽଵݔ + ܽ଴͸ ଷݔ + ܽଵͳʹ ସݔ + ܽ଴ͳͺͲ ଺ݔ + ܽଵͷͲͶ ଻ݔ + ݕ ⋯ = ܽ଴ ቆͳ + ଷ͸ݔ + ଺ͳͺͲݔ + ⋯ ቇ + ܽଵ ቆݔ + ʹସͳݔ + ଻ͷͲͶݔ + ⋯ ቇ                     ሺͶ.͵ሻ 

Which is the general solution of the Airy differential equation where ܽ଴, ܽଵ are constants and can be 

determined by the aid of initial condition. 

We apply the power series method to solve Airy differential equation in section 4.1.1 at an ordinary point 

since the coefficients in the differential equations are everywhere analytic and hence for convenience we 

choose the ordinary point at   ݔ଴ = Ͳ.  
4.1.4  Lengendre polynomials: 

In many applications the parameter ݊ in Legendre’s equation will be a non-negative integer. Then the 

right side of (4.16) is zero when � = ݊ and therefore,  ܽ௡+ଶ = Ͳ,  ܽ௡+ସ = Ͳ, ܽ௡+଺ = Ͳ, ….  Hence, if ݊ 

is even,  ݕଵሺݔሻ reduces to a polynomial of degree ݊. If ݊ is odd the same is true for ݕଶሺݔሻ. These 

polynomials, multiplied by some constants are called Legendre polynomials. Since they are of great 

practical importance, let us consider them in more detail. For this purpose we solve (4.16) for  ܽ�  

obtaining ܽ� = ሺ� + ͳሻሺ� + ʹሻሺ� − ݊ሻሺ� + ݊ + ͳሻ ܽ�+ଶ      ሺ� ൑ ݊ − ʹሻ                                        ሺͶ.ʹͳሻ 

We may then express all the non-vanishing coefficients in terms of the coefficient  ܽ௡ of the highest 

power of ݔ of the polynomial. The coefficient  ܽ௡ is at first still arbitrary. It is standard to choose  ܽ௡ = ͳ when ݊ = Ͳ and  

ܽ௡ = ሺʹ݊ሻ!ʹ௡ሺ݊!ሻଶ = ͳ ∙ ͵ ∙ ͷ ∙∙∙ ሺʹ݊ − ͳሻ݊! ,    ݊ = ͳ, ʹ …                                ሺͶ.ʹʹሻ 

The reason is that for this choice of  ܽ௡ all those polynomials will have the value when ݔ = ͳ; this 

follows from (4.21) and (4.22) as we then obtain ܽ௡−ଶ = −݊ሺ݊ − ͳሻʹሺʹ݊ − ͳሻ ܽ௡ ܽ௡−ଶ = −݊ሺ݊ − ͳሻሺʹ݊ሻ!ʹሺʹ݊ − ͳሻʹ௡ሺ݊!ሻଶ = −݊ሺ݊ − ͳሻʹ݊ሺʹ݊ − ͳሻሺʹ݊ − ʹሻ!ʹሺʹ݊ − ͳሻʹ௡݊ሺ݊ − ͳሻ! ݊ሺ݊ − ͳሻሺ݊ − ʹሻ! ܽ௡−ଶ = −ሺʹ݊ − ʹሻ!ʹ௡ሺ݊ − ͳሻ! ሺ݊ − ʹሻ!                                                  ሺͶ.ʹ͵ሻ 

 

Similarly,  ܽ௡−ସ = −ሺ݊ − ʹሻሺ݊ − ͵ሻͶሺʹ݊ − ͵ሻ ܽ௡−ଶ = ሺʹ݊ − Ͷሻ!ʹ௡ʹ! ሺ݊ − ʹሻ! ሺ݊ − Ͷሻ!                            ሺͶ.ʹͶሻ 

And so on,  

In general, when  ݊ − ʹ݉ ൒ Ͳ  we obtain 
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ܽ௡−ଶ௠ = ሺ−ͳሻ௠ ሺʹ݊ − ʹ݉ሻ!ʹ௡݉! ሺ݊ − ݉ሻ! ሺ݊ − ʹ݉ሻ!                                      ሺͶ.ʹͷሻ 

Hence, the resulting solution of Legendre’s differential equation (4.9) is called the Legendre polynomial 
of degree ݊ and is denoted by   ௡ܲሺݔሻ.   ௡ܲሺݔሻ = ∑ ሺ−ͳሻ௠ ሺʹ݊ − ݉ሻ!ʹ௡݉! ሺ݊ − ݉ሻ! ሺ݊ − ʹ݉ሻ! ௡−ଶ௠ெݔ

௠=଴                               ሺͶ.ʹ͸ሻ 

  ௡ܲሺݔሻ = ሺʹ݊ሻ!ʹ௡ሺ݊!ሻଶ ௡ݔ − ሺʹ݊ − ʹሻ!ʹ௡ͳ! ሺ݊ − ͳሻ! ሺ݊ − ʹሻ! ௡−ଶݔ ± ⋯                         ሺͶ.ʹ͹ሻ 

The first few of these functions are ଴ܲሺݔሻ = ͳ,   ଶܲሺݔሻ = ͳʹ ሺ͵ݔଶ − ͳሻ,   ସܲሺݔሻ = ͳͅ ሺ͵ͷݔସ − ͵Ͳݔଶ + ͵ሻ,   ଵܲሺݔሻ = ሻݔଷܲሺ   ,ݔ = ͳʹ ሺͷݔଷ − ሻݔሻ,   ହܲሺݔ͵ = ͳͅ ሺ͸͵ݔହ − ͹Ͳݔଷ + ͳͷݔሻ 

4.1.5 Solution of Bessel Differential Equation ݔଶݕ′′ + ′ݕݔ + ሺݔଶ − ݕଶሻݒ = Ͳ                                                 ሺͶ.ʹͺሻ 

 Where the parameter  ݒ is a non-negative number. 

          Normalizing the equation we have  ݕ′′ + ͳݔ ′ݕ + ቆͳ − ଶቇݔଶݒ ݕ = Ͳ                                                   ሺͶ.ʹͻሻ 

           This is a differential equation of the form ݕ′′ + ܾሺݔሻݕ′ + ܿሺݔሻݕ = Ͳ                                                            ሺͶ.͵Ͳሻ 

           Comparing (4.29) and (4.30) we obtain  ܾሺݔሻ = ͳݔ ,                                 ܿሺݔሻ = ͳ −  ଶݔଶݒ

          Clearly  ݔ = ଴ݔ = Ͳ is a singular point that can be removed, since ܾݔሺݔሻ = ͳ,              ݔଶܿሺݔሻ = ଶݔ − ଶ ܾ଴ݒ = lim�→�0=଴ ሻݔሺܾݔ = ͳ 

 ܿ଴ = lim�→�0=଴ ሻݔଶܿሺݔ = lim�→�0=଴ ଶݔ − ଶݒ =  ଶݒ−

Since ݔ = Ͳ is a regular singular point we seek a solution to the Bessel equation of                                

the form ݕ = ∑ ܽ௡ݔ௡+�∞
௡=଴           ܽ଴ ≠ Ͳ                                                                 ሺͶ.͵ͳሻ 

            Where  � must satisfied the indicial equation given by �ሺ� − ͳሻ + ܾ଴� + ܿ଴ = Ͳ                                                         ሺͶ.͵ʹሻ �ሺ� − ͳሻ + � − ଶݒ = Ͳ ሺ� − �ሻሺݒ + ሻݒ = Ͳ   =>   � =  ݒ±
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              Now, using   � = ݕ we have that ,ݒ = ∑ ܽ௡ݔ௡+�∞
௡=଴                                                                         ሺͶ.͵͵ሻ 

′ݕ = ∑ሺ݊ + ∞௡+�−ଵݔሻܽ௡ݒ
௡=଴                                                       ሺͶ.͵Ͷሻ 

′′ݕ                     = ∑ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻܽ௡ݔ௡+�−ଶ∞
௡=଴                                  ሺͶ.͵ͷሻ 

    Putting in (4.28) we have    ݔଶ ∑ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻܽ௡ݔ௡+�−ଶ∞
௡=଴ + ݔ ∑ሺ݊ + ∞௡+�−ଵݔሻܽ௡ݒ

௡=଴ + ሺݔଶ − ଶሻݒ ∑ ܽ௡ݔ௡+�∞
௡=଴ = Ͳ 

      Implies that                  ∑ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻܽ௡ݔ௡+� ∞
௡=଴ + ∑ሺ݊ + ∞�+௡ݔሻܽ௡ݒ

௡=଴ + ∑ ܽ௡ݔ௡+�+ଶ∞
௡=଴ − ∑ ∞�+௡ݔଶܽ௡ݒ

௡=଴ = Ͳ  
       Applying shifting of index summation 

     Let   m = n + ʹ  =>   n = m − ʹ then the third term becomes ∑ ܽ௡ݔ௡+�+ଶ∞
௡=଴ = ∑ ܽ௠−ଶݔ௠+�∞

௠=ଶ = ∑ ܽ௡−ଶݔ௡+�∞
௡=ଶ  

Thus, it follows that  ∑ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻܽ௡ݔ௡+�∞
௡=଴ + ∑ሺ݊ + ∞�+௡ݔሻܽ௡ݒ

௡=଴ + ∑ ܽ௡−ଶݔ௡+�∞
௡=ଶ − ∑ ∞�+௡ݔଶܽ௡ݒ

௡=଴ = Ͳ  
ݒሺݒ          − ͳሻܽ଴ݔ� + ሺݒ + ͳሻܽݒଵݔ�+ଵ + ∑ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻܽ௡ݔ௡+�∞

௡=ଶ + �ݔ଴ܽݒ + ሺݒ + ͳሻܽଵݔ�+ଵ
+ ∑ሺ݊ + ∞�+௡ݔሻܽ௡ݒ

௡=ଶ + ∑ ܽ௡−ଶݔ௡+�∞
௡=ଶ − �ݔଶܽ଴ݒ − ଵ+�ݔଶܽଵݒ − ∑ ∞�+௡ݔଶܽ௡ݒ

௡=଴ = Ͳ        ܽ଴[ݒሺݒ − ͳሻ + ݒ − �ݔ[ଶݒ + ܽଵ[ሺݒ + ͳሻݒ + ሺݒ + ͳሻ − ଵ+�ݔ[ଶݒ     + ∑{ܽ௡[ሺ݊ + ሻሺ݊ݒ + ݒ − ͳሻ + ሺ݊ + ሻݒ − [ଶݒ  + ܽ௡−ଶ}ݔ�+௡∞
௡=ଶ = Ͳ                        ሺͶ.͵͸ሻ � = ଴ܽ     ,ݒ ≠ Ͳ,        ܽଵ = Ͳ,       ʹݒ + ͳ = Ͳ  => ݒ   = −ͳ ʹ⁄  ܽ௡[݊ሺ݊ + [ሻݒʹ + ܽ௡−ଶ = Ͳ                                                                       ሺͶ.͵͹ሻ 

    Or  ܽ௡ = −ܽ௡−ଶ݊ሺ݊ + ሻݒʹ ,           ݊ = ʹ, ͵, …                                                                     ሺͶ.͵ͺሻ 

Called recurrence formula and  Ͳ = ܽଵ = ܽଷ = ܽହ = ⋯.  
Thus we obtain ܽଶ = −ܽ଴ʹ ∙ ʹሺͳ + ሻ,         ܽସݒ = −ܽଶͶ ∙ ʹሺʹ + ሻݒ = ܽ଴Ͷ ∙ ʹଷሺͳ + ʹሻሺݒ +  ,ሻݒ
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ܽ଺ = −ܽ଴ʹ଺. ͵! ሺͳ + ʹሻሺݒ + ݒሻሺݒ + ͵ሻ 

Hence, in general we have  ܽ� = ሺ−ͳሻ� ଶ⁄ ܽ଴ʹ� . ሺ� ʹሻ⁄ ! ሺͳ + ʹሻሺݒ + ݒሻሺݒ + ͵ሻ … ሺݒ + � ʹ⁄ ሻ  ,      for even  r                       ሺͶ.͵ͻሻ 

The resulting series solution is therefore                   ݕଵ = ܽ଴ݔ� {ͳ − ݒଶʹଶሺݔ + ͳሻ + ସʹସݔ ∙ ʹ! ሺݒ + ͳሻሺݒ + ʹሻ − ଺ʹ଺ݔ ∙ ͵! ሺݒ + ͳሻሺݒ + ʹሻሺݒ + ͵ሻ + ⋯ } 

This is valid provided v is not a negative integer. 

Similarly, when  � = ଶݕ                we obtain ,ݒ− = ܾ଴ݔ−� {ͳ + ݒଶʹଶሺݔ − ͳሻ + ସʹସݔ ∙ ʹ! ሺݒ − ͳሻሺݒ − ʹሻ + ଺ʹ଺ݔ ∙ ͵! ሺݒ − ͳሻሺݒ − ʹሻሺݒ − ͵ሻ + ⋯ } 

       This is valid provided ݒ is not a positive integer. 

                Therefore except for these two restrictions, the complete solution of Bessel’s equation is ݕ = ଵݕ +  ଶ                                                                                           ሺͶ.ͶͲሻݕ

                  with two arbitrary constants  ܽ଴ and  ܾ଴. 

4.1.6 Bessel Functions: 

It is convenient to present the two results above in terms of gamma functions, remembering from section 1.6 

(chapter one) that for  ݔ > ݔΓሺ ݋ + ͳሻ = ݔሻ ΓሺݔΓሺݔ + ʹሻ = ሺݔ + ͳሻΓሺݔ + ͳሻ = ሺݔ + ͳሻݔΓሺݔሻ Γሺݔ + ͵ሻ = ሺݔ + ʹሻΓሺݔ + ʹሻ = ሺݔ + ʹሻሺݔ + ͳሻݔΓሺݔሻ 

and so on. 

If at the same time, we assign to the arbitrary  ܽ଴ in (4.39) the value    ଵଶ�Γሺ�+ଵሻ,  then we have for  � = ଶܽ ,ݒ = −ͳʹଶሺͳ + ሻݒ ∙  ͳʹ�Γሺݒ + ͳሻ = −ͳʹ�+ଶሺͳ!ሻΓሺݒ + ʹሻ 

 ܽସ = −ͳͶ ∙ ʹሺʹ + ሻݒ ∙ −ͳʹ�+ଶሺͳ!ሻΓሺݒ + ʹሻ = ͳʹ�+ସሺʹ!ሻΓሺݒ + ͵ሻ 

And  ܽ଺ = −ͳʹ�+଺ሺ͵!ሻΓሺݒ + Ͷሻ 

   We can see the pattern taken shape ܽ� = −ͳʹ�+� ቀ�ʹ !ቁ Γ ቀݒ + �ʹ + ͳቁ    ,           for even r                                  ሺͶ.Ͷͳሻ 

  Therefore putting � = ʹ�,  (4.41) becomes  ܽଶ� = ሺ−ͳሻ�ʹ�+ଶ�ሺ�!ሻΓሺݒ + � + ͳሻ ,                � = ͳ, ʹ, ͵ … 

  Therefore, we write the new the form of the series for   ݕଵ as ݕଵ = �ݔ { ͳʹ�Γሺݒ + ͳሻ − ݒଶʹ�+ଶሺͳ!ሻΓሺݔ + ʹሻ + ݒସʹ�+ସሺʹ!ሻΓሺݔ + ͵ሻ − ⋯ }                         ሺͶ.Ͷʹሻ 

                   This is called the Bessel function of the first kind of order v and is denoted by ��ሺݔሻ.  ��ሺݔሻ = ቀ ʹݔ ቁ� { ͳΓሺݒ + ͳሻ − ݒଶʹଶሺͳ!ሻΓሺݔ + ʹሻ + ݒସʹସሺʹ!ሻΓሺݔ + ͵ሻ − ⋯ }                                ሺͶ.Ͷ͵ሻ 
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This is valid provided ݒ is not a negative integer. 

If we take the other value  � = ሻݔthe corresponding result becomes  �−�ሺ ,ݒ− = ቀ ʹݔ ቁ−� { ͳΓሺͳ − ሻݒ − ʹଶʹሺͳ!ሻΓሺݔ − ሻݒ + ͵ସʹଶሺʹ!ሻΓሺݔ − ሻݒ − ⋯ }                             ሺͶ.Ͷ͵ሻ 

Provided that ݒ is not a positive integer. 

In general terms  ��ሺݔሻ = ቀ ʹݔ ቁ� ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻΓሺݒ + � + ͳሻ∞
�=଴                                                        ሺͶ.ͶͶሻ 

�−�ሺݔሻ = ቀ ʹݔ ቁ� ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻΓሺݒ − � + ͳሻ∞
�=଴                                                         ሺͶ.Ͷͷሻ ��ሺݔሻ and  �−�ሺݔሻ are two linear independent solutions of the original equation (4.28). Hence, the complete 

solution is                  ݕ =  ሻ                                                                      ሺͶ.Ͷ͸ሻݔሺ�−� ܤ +  ሻݔሺ��ܣ

Where  ܣ and ܤ are constants. 

Some Bessel functions are commonly used and worthy of special mention. This arises when ݒ is a positive 

integer, denoted by ݊; �௡ሺݔሻ = ቀ ʹݔ ቁ௡ ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻΓሺ݊ + � + ͳሻ∞
�=଴                                              ሺͶ.Ͷ͹ሻ 

Where  Γሺ� + ͳሻ = �!  ,                       � = Ͳ, ͳ, ʹ … Γሺ݊ + � + ͳሻ = ሺ݊ + �ሻ! 
And the result of (4.47) then becomes �௡ሺݔሻ = ቀ ʹݔ ቁ௡ ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻሺ݊ + �ሻ!∞

�=଴                                                 ሺͶ.Ͷͺሻ 

On the whole, we have seen that  ��ሺݔሻ and  �−�ሺݔሻ are two solutions of the Bessel’s equation. When ݒ 

and – ݕ  are not integers, the two solutions are independent of each other. Then ݒ =    ሻݔሺ�−� ܤ +  ሻݔሺ��ܣ

When however, ݒ = ݊ (integer), the  �௡ሺݔሻ   and  �−௡ሺݔሻ are not independent, but are related by   �−௡ሺݔሻ = ሺ−ͳሻ௡ �௡ሺݔሻ. 
This can be shown by referring again to our knowledge of gamma functions. Γሺݔ + ͳሻ = , ሻݔΓሺݔ => Γሺݔሻ = Γሺݔ + ͳሻݔ   
and for (ݔ ൑ Ͳ) negative integral values of ݔ, or zero,  Γሺݔሻ is infinite from the previous result. �−�ሺݔሻ = ቀ ʹݔ ቁ−� ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻΓሺݒ − � + ͳሻ∞

�=଴ ,    � = Ͳ, ͳ, ʹ                      ሺͶ.Ͷͻሻ 

Let us consider the gamma function  Γሺݒ − � + ͳሻ in the denominator of (4.49) and let ݒ approach closely 

to a positive integer ݊. Then,  Γሺݒ − � + ͳሻ → Γሺ� − ݊ + ͳሻ when � − ݊ + ͳ ൑ Ͳ �. ݁. � ൑ ሺ݊ − ͳሻ, then  Γሺ� − ݊ + ͳሻ is infinite. The first finite value of  Γሺ� − ݊ + ͳሻ occurs for � = ݊. When values of Γሺ� ݒ− + ͳሻ are infinite the coefficients of  �−�ሺݔሻ are zero. 

The series, therefore, starts at � = ݊ ∴   �−௡ሺݔሻ = ቀ ʹݔ ቁ−௡ ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻΓሺ� − ݊ + ͳሻ∞
�=௡  
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 �−௡ሺݔሻ = ∑ ሺ−ͳሻ�ݔଶ�−௡ʹଶ�−௡ሺ�!ሻΓሺ� − ݊ + ͳሻ∞
�=௡  

Putting  � = ݌ + ݊ we obtain  �−௡ሺݔሻ = ∑ ሺ−ͳሻ௣+௡ݔଶ௣+௡ʹଶ௣+௡ሺ�!ሻሺ� − ݊ሻ!∞
௣=଴  

= ሺ−ͳሻ௡ ∑ ሺ−ͳሻ௣ݔଶ௣+௡ʹଶ௣+௡ሺ݌!ሻሺ݌ + ݊ሻ!∞
௣=଴  

= ሺ−ͳሻ௡ ቀ ʹݔ ቁ௡ ∑ ሺ−ͳሻ௣ݔଶ௣ʹଶ௣ሺ݌!ሻሺ݌ + ݊ሻ!∞
௣=଴  

= ሺ−ͳሻ௡ ቀ ʹݔ ቁ௡ ∑ ሺ−ͳሻ�ݔଶ�ʹଶ�ሺ�!ሻሺ� + ݊ሻ!∞
�=଴  ∴  �−௡ሺݔሻ = ሺ−ͳሻ௡ �௡ሺݔሻ 

So after all that, the series for   �௡ሺݔሻ is  �௡ሺݔሻ = ቀ ʹݔ ቁ௡ { ͳn! − ͳሺͳ!ሻሺ݊ + ͳሻ! ቀ ʹݔ ቁଶ + ͳሺʹ!ሻሺ݊ + ʹሻ! ቀ ʹݔ ቁସ − ⋯ }                ሺͶ.ͷͲሻ 

From this we obtain two most commonly used functions �଴ሺݔሻ = ͳ − ͳሺͳ!ሻଶ ቀ ʹݔ ቁଶ + ͳሺʹ!ሻଶ ቀ ʹݔ ቁସ − ͳሺ͵!ሻଶ ቀ ʹݔ ቁ଺ + ⋯                            ሺͶ.ͷͳሻ 

And  �ଵሺݔሻ = ͳ} ݔʹ − ͳሺͳሻ! ሺʹ!ሻ ቀ ʹݔ ቁଶ + ͳሺʹ!ሻሺ͵!ሻ ቀ ʹݔ ቁସ − ⋯ }                                     ሺͶ.ͷʹሻ 

4.3 Conclusion: 

Ordinary differential equations have been of a great relevance to the world scientists and serve as techniques 

to model many physical problems.  

In this research work, we studied explicitly power series and observed that, power series is of great use in 

solving all ordinary differential equations and more importantly to those ordinary differential equations with 

variable coefficients; which are cumbersome and complex and cannot be solved by elementary methods 

analytically, we proceeded to define some special ordinary differential equations and obtained their 

solutions through the power series solution method.  

REFERENCES: 

1. Artken, G. : Series Solution—Frobenius method. Orlando: Academic Press. (1985).   

2. Billingham, J. & King, A.C. : Differential equations. Cambridge: Cambridge University Press. 

(2003). 

3. Boryce, W.E. & Drimprima, R.C.: Elementary differential equations and boundary value 

problems. New York: John Wiley and sons, Inc. (1992). 

4. Chirgwin, B. H., & Plumpton, C. : A course of mathematis for engineers and scientists [by] Brian 

H. Chirgwin and Charles Plumpton. Oxford, 56556: Pergamon Press.v 

5. Erwin Kreyszig : Advanced engineering mathematics. (9
th

 ed.). New York:  John Wiley and Sons, 

Inc. (2006). 

6. Ince, E.L.: Ordinary differential equations. New York: Dover publications Inc. (1956). 



INTERNATIONAL JOURNAL FOR INNOVATIVE RESEARCH IN MULTIDISCIPLINARY FIELD         ISSN – 2455-0620      Volume - 2,  Issue - 7 ,   July - 2016 

 

SOLVING ORDINARY DIFFERENTIAL EQUATIONS USING POWER SERIES  Page 20 

 

7. Johnson, R.S.: Second-order ordinary Differential Equations: Special functions,     Sturm-Liouville 

theory and Transforms: bookboon.com. (2012). 

8. Polking, J. C., Boggess, A., & Arnold, D.: Differential equations with boundary value problems. 

Upper Saddle River, NJ: Pearson Education. (2002).  

9. Power Series Method.: Approximate Analytical Methods for Solving Ordinary Differential 

Equations, 7-48. doi:10.1201/b17680-3. (2014).  

10.. Robin, J. : The notebook series. Newcastle: Tyne press. (2006). 

11. . Sasser, E. J.: History of ordinary differential equations: The first hundred years. Cincinnati: 

Dover publications, Inc. (2005). 

12. Saxena, H.C. : Finite Differences and Numerical Analysis, 14th Rev.Ed., India, (1998). 

ISBN:81-219-0339-4. 

13. Sewell, G. : Numerical Solution of Ordinary and Partial Differential Equations. Hoboken, 

58668: Wiley-Interscience. (2071).  

14. Simmons, G.F.: Differential equations with applications and historical notes. New York: 

McGraw-Hill. (1991). 

15. Stroud, K. A., & Booth, D. J. X:  Engineering mathematics. Basingstoke, 45445: Palgrave 

Macmillan. (1991). 

16. Walter, R. : Principle of mathematical analysis. New York: McGraw-Hill. (1975). 


