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Abstract:  In the article the stress state and strength parameters of the jaw’s teeth during the operation of
packers areinvestigated.The calculation of the jaw’s teeth of the packer unit is not justified according to the
formula "Resistance of materials”, since, in fact, only the jaw steeth affect the inner surface of the column by the
area of contact [1]. Therefore, the authors of the article propose a calculation method, in which transverse forces
and bending moments are taken into account.In order to determine the potential energy, we used the deflection
function described through the Laplace operator in polar coordinates and the deflection function satisfying the
biharmonic equation. The solution is performed by the method of initial functions on the basis of solving a
symmetric problem from the concentrated effects of the jaw’s teeth on the surface of the column.
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1. INTRODUCTION:

During packer’s operation the plunging of the jaw’s teeth into the inner surface of the column, cause the
damage of the column [2, 3]. Also, the complex stress state arising in the teeth adversely affects the performance of
the jaw, which ultimately leads to the fracture of the jaw and to the tightness failure. Damage of the column as well as
the tightness failure is extremely undesirable, since their recovery and replacement require additional work, time and
costs [4].Therefore, the determination of the bending moments and transverse forces arising in the teeth of the jaw in a
complex stress state has a great practical importance.

2. TASK’S FORMULATION:

During the packer landing in the production column in order to anchor it, the jaw’s teeth are cut into the inner
surface of the column by a certain amount [5]. Consequently, a complex stress state is created in the teeth [6] (and in
the column), Wherein the bending and twisting moments M,, Mg,M,g, transverse forces Q,, Qg in the polar
coordinates r, 0 (Fig. 1) are determined through the deflection function according to the formulas:
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Fig. 1. Scheme of loading of the jaw’s teeth by bending and twisting moments and transverse forces in polar
coordinates.
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Let’s introduce generalized transverse forces:

1 6 1 aWQ

=__.__y2 —. r

6 r 6W +1ra or
Qr = —D V2w + 1. 220 (2)

where V2 — Laplace operator in polar coordinates.
The deflection function satisfies the biharmonic equation:

DV?*V?w =P
where P(r, 8) — transverse load on the jaw’s teeth.
By the method of initial functions, we obtain a representation for the basic calculated quantities:

. . 1 ow
deflection W, angle of rotationgpg = ey bendmg moment Mg and transverse force Qg for an arbitrary value

of the coordinate Bon the surface of the teeth through the values of the same calculated quantities, determined from its
edge 6 = 0, through the initial functions in the case of a homogeneous problem P [6].
In the variables t (t = Inr) and 0, the bending equation is written as an equation with constant coefficients

[(@-2)%+ wJ@z+ )W= atp 3)
where o denotes the partial derivative with respect to t.

Let’s introduce new functions instead of basic quantities W, @g, Mgand Qg:

W = DW; ¢ = Drog,M =r?M,, Q =r3Q, 4)
For the quantities ¢, M and Q we have the ratio:
_ow
?= %0
9%w
M=- FT T + (1 —-v+va)aW
Q=—;Jw2+2ﬂ—vWV+Q—mﬁm1 3(1—v)aW| 5)

In accordance with the symbolic method, we write down the general solution of the homogeneous equation (3)
(hereinafter, P = 0) as an ordinary differential equation, in which a is formally considered to be a constant number:

W = cosabfCy + sinaBC, + cos(2 — a) 8C3 + sin(2 — a)0C, (6)
where C;, C, C;and C, —formally arbitrary constants, but in fact arbitrary functions of the coordinate t.

According to the ratios (5)

@ = —asinafC; + acosabC, — (2 —a) " sin(2 —a)fC3 + (2 — a) cos(2 —a) 8C,
M=1-a){—-1—-v)a(cosabC; + sinabC,) + [4 — (1 —v)] - [cos(2 — a) OC5 + +sin(2 — a)OC,]}
Q=2-a)(1—-ao){(1—v)a(sinabC; — cosabdC,) + [2(1 +v) + (1 — a)a]a[—sin(2 — —a)]OC3 + cos(2 —
a)0C,} (7

Assuming than in equations (6) and (7) 8 = 0 and accepting that the latter is relative to C;, C,, C; and C, we find
dependences for them through the initial functions Wy, ¢4, Mpand Q. Substituting the results in (6) and (7), we obtain
the desired solution in symbolic form by the method of initial functions:

W(t,0) = Lyw(a, )Wy(t) + Lyg (@, 0)po(t) + Lym (@, )Mo+ Lyq (a, 0)Qo(t)
@(t,0) = Ly (a, 0)Wy(t) + Loy (@, 0)po(t) + Lym(a, 0)Mo(D+Lyq (@, 6)Qo(D)
M(t,0) = Ly (a, 0)Wy(t) + Ly (a, 0)po(t) + Lyy (@, 0)Mo(D+ Lyq (@, 6)Qo(t)
Q(t,0) = Low(a, )Wy (t) + Log(a, 0)po(8) + Lon (@, 0)Mo(D)+ Lo (e, 0)Qo(t) (®)

Differential operators of infinite high order in a closed symbolic form of a record are defined by formulas:

Ay = 2{[2(1 +v) + (1 —v)alsinad + (1 — v)asin(2 — @)}
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L L [asin@ - )6 — (2 — a)sinad)]
= a Ssin - Qa - — a)slna
e a(1—a)(2 — @)

4Ly = - [cos(2 —a) O — cosab]
ow = —a{[4 — (1 —v)a]sinad + (1 —v)(2 — a) - sin(2 — a) 6}
4Ly = [4— (1 —v)a]cosald + (1 —v)acos(2 —a) 6
4Ly =[2(1+Vv) + (1 —v)a]cosad + (1 —v)(2 —a)cos(2 —a) 6

4L

4] = !
(PM_]_

[asinal8 — (2 — a)sin(2 — a)0]

1
4Ly = 1 4 [—cosa 8 + cos(2 —a)b]

ALy = A —v)a(a — 1[4 — (1 —v)a]cosab — cos(2 — a) 0] )
4Ly = 1 —v)(a—D{2A+v)+ (1 -v)a]
4Ly = {(1 —v)acosad — 1[(1 — 0)a — 4] cos(2 — a)6}
4Lyo = ﬁ{(l —v)(2 — a)sinab — [(1 —v)a — 4sin(2 — a)0]}
4Low = (1 —=v)a@2 —a)(1 - a){[4 — (1 —v)] - sinabd — [(1 —v)a + 2(1 + v)]sin(2 — )6}
4lop =(1-v)2-a) (1 -a)[2(1 +Vv) + (1 —Vv)a] - [—cosal + cos(2 — a) 6]
4Loy = =2 — a){(1 —v)asinab + [(1 —v)a + 2(1 +v)] - sin(2 — a) 0}
4Loo = (1 —v)(2 — a)cosab + [(1 —v)a + 2(1 +v)] - cos(2 — a)b

In order to pass to the real solution in the form of infinite series in powers of the coordinate 0, the trigonometric
functions in the equations for the operators must be expanded into power series, & must be substituted by a partial
derivative with respect to t and differentiation operations under the corresponding initial functions must be performed.

3. TASK’S SOLUTION
Task’s solution for jaw’s teeth of an arbitrary angle 26, when it is loaded along one edge 6 = 8, with arbitrary
transverse q(r) and twisting m(r) loads assuming that another edge 8 = —6, is free from rounding and load we

represent as a sum of two tasks’ solutions. The first of them corresponds to the symmetrical loading of the jaw’s teeth
on the both sides 8 = +6, by transverse and twisting loads of intensity %q, %m (Fig.2) and the second corresponds to
the inverse-symmetric loading by the same loads (Fig. 3).

1/2m(r)

1/12m(r)

1/2q(r)

1/2q(r) 112q(r)

Fig.2. Calculation schemes for loading of jaw’s teeth of well packer. a - symmetrical loading of the teeth by transverse
and twisting loads; b - back-symmetric loading by the same loads.
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Fig.3. The calculation scheme of the equilibrium condition for the cut off part of the jaw’s teeth.

4. BASIC EQUATIONS FOR THE SYMMETRIC PROBLEM
For a symmetric state at 8 = 0, angle of rotation ¢, and transverse force Q, turn to zero. Boundary conditions
on the edge 8 = 0, are written as follows:

Mg = %m(r), atf =0,
Qo = q(t),at0 = 6, (10)

Satisfying these conditions with the help of general relationships (8), we obtain a system of differential
equations of infinite higher order with respect to the sought initial functions Wyand M:

1
LMW(ga)WO + wa(ga)MO = Ee%m(t)

Low(B)Wo + Low (0)My = 5 €3 q(t) (11)
where operators L are determined through formulas (9) at 6 = 6,.
We reduce the system of equations to a single equation. Assuming that the first of them is homogeneous (m =
0), we introduce the resolving function F(t):

Wy = Lym(6)F = i{(l —v)acosal — [(1 —v)a — 4] cos(2 — a) 6,}F
My = —Lyw(6,)F = 1%0((0( — D[4 - (1 —v)a] X [cosab — cos(2 — a) ,]F (12)
In this case, the first equation is identically satisfied, and the second will take the form:
[Low ©a)Lanm (Ba) — Low () Luw (Qa)]=5 €%4q(2) (13)
Taking into account the dependences (9), we obtain
a1l - )2 - )1 - v)(1 - @)sin26, + (3 +v)sin2(1 — )0,]F =5eq(t)  (14)

5. SOLVING A SYMMETRIC PROBLEM FROM CONCENTRATED EFFECTS
First, let us consider the solution of a homogeneous problem. The characteristic equation for equation (14) is

transcendental. In general, at 8, # g it contains an infinite set of complex roots. It is also satisfied by the characteristic
numbers 1, 0, and 2. We call the solution determined by the last roots, elementary, since the corresponding
characteristic numbers, unlike the others, do not depend on the value of the angle 6,,.

In determining the dependences for the initial functions Wy u M, corresponding to the elementary solution, we
proceed from the homogeneous system of equations (11) and look for them in the form:

WO = Cl + Czet + Cgtet + CZeZt
MO = B1 + Bzet + B3tet + B4_€2t (15)
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The coefficients in these equations are unknown and are to be determined. Substituting relations (15) to
equations (11) and differentiating according to formulas (9), we find the required coefficients from the condition of
identical satisfaction of the equations:

1 B]_ = BZ = B3 = 0
C; = 3 [(1 —v)cos26,+ 1+ V]C,
B, = (1—v?)(1 - cos26,)C,

Substituting the initial functions, determined by the equations (15), into the first of the relations (8), we
determine the solution for the deflection. In the initial variable r, we finally obtain:

W = Cy + Cyfr + C3 (Inrcosd — 22 0sinB) v + 3 [(1 +v)cos26 + (1 — v)cos26,]C,4%  (16)

Further, using formulas (1) and (2), we find:

M =—-D(1—v?) [63 CO:Q + C4(cos26 + cosZOa)]
My, =D(1- vz)_(—COSZQa + c0520)Cy; (17)
M.y =D(1—v) [ﬁ C;+(1+ v)C4sin29]
Q"=0
cosf cos26

Q; =2D(1—v)Cs +2(1-v?) xC,D (18)

T2 r

Part of the solution with constant C; and C, corresponds to a rigid displacement of the jaw’s teeth in the
direction Z and its rotation with respect to the axis 8 = g Let us show that the solution of the bending task for an
unlimited number of jaw’s teeth from the concentrated bending moment M applied to its vertex corresponds to the
constant C3, and the solution from the concentrated force P applied to its vertex corresponds to the constant Cj.

Let's make the equilibrium conditions for the cut off part of the jaw’s teeth. Projecting all the forces on the Z-
direction (Fig. 4), we obtain the first equation of equilibrium

[y 0,1d6 — 2Myg (8, 7) +2 = 0 (19)
H
Qr*rsin®
6,
2M:e(Ba,r)
ea 2
r
]
Me
%

Fig. 4. The scheme of the second equilibrium equation for the sum of the moments with respect to straight line 8 = g

Note, that in equation (19) we denote by 2M,¢(60,,7) the moments concentrated at the corner points of the
jaw’s teeth with the coordinates r, 8,, which must be added in the transition from ordinary forces to generalized ones
in accordance with the theory Kirchhoff.

From the equations (18), (19) taking into account the formulas (17) we define the constants:
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M
Cs = 1—v
DA —-v)[-B+Vv)o, + TsinZBa]
P
Cy

- 2(1 —v?)Dsin?0,

Entering the values of the constants into the equations (16) and (17), we obtain the required solution from the
concentrated forces and the moment applied to the vertex of the jaw’s teeth for the case of bending by the moment M:

+v

1
‘r(Inrcos 0 —

(1+v)Mcos6

" Ar
MO =0
Myp =5 - 522 (20)

w Osinf)

T d-v)

where

1—v
A=—-(B+v)b, +

sin26,

For the case of deflection by the force P we obtain:

Pr?
W = T —vobsinze, [+ V)0s20at (1= v) - cos26,]
P
M, = ~2sin28, [cos26 + cos26,]
P
Mg = —M [c01529 — cos26,]
M,y = Psin26, e

2s5in26,

6. CONCLUSION:

e Analytical expressions are derived for determining the bending and twisting moments, as well as the transverse
forces of the jaw’s teeth during the operation of packers.

e The proposed calculation methods allow us to consider solutions for a symmetric problem from concentrated
effects, taking into account forces, moments and the loading of the jaw’s teeth from distributed loads along the
edges.
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